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Abstract

Thisreportdescribesirecursveprocessor generatinglatasetsof rigid rectangleshatcanbeplaced
into rectangularegionswith zerowaste.Thegeneratiorprocedureanbe modifiedto guarante¢hatthe
aspectindarearatiosof therectanglesn thegeneratediatasetssatisfyuserspecifiedoarametersThis
recursie procescanthusbe employedto createa variety of datasetsthatcanbe usedto evaluatethe
efficiengy andscalabilityof rectangulacuttingandpackingalgorithms.

keywords: cutting, packing, rectangular placement

I ntroduction

Many rectangularcutting and packingalgorithmshave appearedn the literaturein the lastthreedecades.

Thesesolutionproceduredave oftenbeenevaluatedby usinga variety of testdatasets. For cutting prob-

lems, several popularbenchmarldatasets([1, 7]) have beenutilized for solving constrainecand uncon-
strainedproblems.The numberof rectangleappearingn thesedatasetstypically rangedrom the tensto

hundredsof piecesandthe optimalsolutionfor eachdatasetmay or may not be known. Similarly, mary

rectangulabin packingheuristicshave relied on datasetsfor demonstratingheir effectiveness For exam-
ple, bin packingdatasetshave beenusedin [2, 4, 5, 6]; thesecontainat mosthundred=f rectanglesand
several sharethe propertythat an optimal solutionfor the datasetis knowvn. Otherbin packingdatasets
(e.g. [3]) containrectangleswhoseheightsandwidths have beenrandomlygeneratecindwhoseoptimal

solutionhaswastethatis unknavn but canbe boundedelon by summingthe areasof therectanglego be

pacled.

*Thiswork waspartially supportecby NASA grantNAG-5-2868.



Therectanglesppearingn thepublisheddatasetsfor bothcuttingandpackingdisplayarangeof properties.
Somedatasetscontainrectangleghat appearo be “nearly” square. Otherscontainrectangleghat are
mostly tall andthin or shortandfat, while otherdatasetscontainboth typesof rectangles.Additionally;
mary containrectangleshatareeithervery large or very smallin areawhile otherscontainrectangleshat
all have similararea.

This variety of rectanglesizesandareasenablegesearcherto determineif their proposedalgorithmsare
biasedtowardsary particulartypesof data. However, the small sizesof thesedatasetsdo not enablea
determinatiorto be madeof whethercuttingandpackingalgorithmswill scaleto large problemsizes,and
often,thequality of the solutioncanonly beapproximatedincethe optimalsolutionis notknown.

Due to this sparsityof large benchmarkdatasetsfor the problemof cutting or packingrectanglesnto
rectangularegions,we have developedarecursie routinefor generatinglatasetsof rigid rectanglesvhich
canbe pacled into a zero-wasterectangularegion. More importantly this procedurepermitsthe userto
specifyarange of variationin thedimensionsandarea®f thegeneratedectanglesThedatasetsgenerated
by ourtechniquenave recentlybeenusedto evaluatea geneticalgorithmfor packingrectangle$8].

Section2 describeghe basicapproachusedby the dataset generationalgorithm which, simply stated,
recursvely cutsa userspecifiedinput rectangleinto smallersubrectanglesThis methodcanbe modified
so thatthe height-to-widthratios of the resultingrectangless controlledasprovenin section3. Further
section4 illustrateshow the impositionof restrictionsgoverningthe choiceof which subrectanglesanbe
recursvely slicedwill yield datasetswherethe maximum-to-minimunareaof resultingrectanglesanbe
limited. Next, we shav how theseproceduresanbe combinedto producedatasetscontainingrectangles
whoseaspeciandarearatiosarecontrolledasdescribedn section5. Section6 characterizesomesample
datasetsgeneratedby theseproceduresFinally, the contrikutionsof the paperaresummarize@ndareasof
ongoingresearctaredescribedn section?.

2 Generating unconstrained rectangles

A basicprocedurecanbe formulatedwhich generateslatasetscontainingn rectanglesvith norestrictions
beingplacedon the relative heighth; andwidth w; of eachrectangle.Recursie slicing of a large (stock)
rectangles performedby applyingvertical or horizontalcutswith equalprobability At eachstep,slicing
positionsare choserwith uniform probability By reversingthe slicing processthe rectanglesanbe re-
assembledhto a zero-wastepacking.In this mannerrectanglesuchasthoseshavn in Figurel caneasily
begenerated.

At thestartof thedatasetgeneratiorprocesstheuseris asledto inputthedimension®f thestockrectangle
andalsothe precisenumberof rectangulapiecesdesired. The input parametergonsistof n, the number



of desiredrectanglesand H andW, the heightandwidth of the stockrectanglebeingcut. Thefollowing
algorithmdescribeshe basictechniqudor generatinga dataset.

Algorithm I: Generating Unconstrained Rectangles

Input: n, H, andW

while n rectanglesiave notyetbeengeneratedio
choosearectangleR randomly
choosea verticalor horizontalslicing directionrandomly
choosearandompositionto cut R in the choserdirection
performthe cut, generatingwo subrectangles
replaceR in thelist with thetwo new subrectangles

endwhile

It is clearthat this ©(n) processgenerates setof rectangleswith real-valued dimensionsthat can be
reassemblethto a stockrectangleof size H x W with zerowaste.

3 Generating rectangles satisfying the aspect ratio constraint

Theaspectratio of a rectanglewith heights; andwidth w; is definedto be the ratio 1’;— Algorithm | can
be modifiedto producea setof rectanglesvhoseaspecratiosfall within a userspecifiedrangeof [1/p, p]

wherep > 2. To ensurehis, additionalconstraintsnustbesatisfiedduringthegeneratiorprocessFirst, the
input stockrectanglemustsatisfyaninitial conditionbasedn thevalueof the p parameterNext, positions
at which successie randomcutting of the initial stock pieceandthe intermediatesubrectanglesustbe
restricted. To prove thatthe final setof generatedectangleshave the desiredaspectratio, the following

theoremsarenoted.For cornveniencearectangleR of height H andwidth W is saidto “have” aspectatio
pif1/p < H/W < p.

3.1 Mathematical conditionsfor aspect ratio cutting

Lemmal LetR bearectangléhavingheightd andwidth W thatis slicedverticallyinto twosubectangles
R; andRy. If W > 2pH for agivenp, thenR; and R, cannotbothhaveaspectatio p.

Proof. Supposer is slicedat positionz to form two subrectangle®; and R, asshavn in Figure2. Let
W > 2pH andassumehat R; hasaspectatio p.

It follows thatz < W/2 andW — z > W/2 because

Hjz > 1/p
z<pH < pW/(2p)=W/2
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z < W/2
W—z > WJ/2

from which

H/(W —z) < H/(W[2)
H/(W —2z)<2H/W < 2H/(2pH) =1/p
HIW-z) < 1/p

whichimpliesthat R, doesnothave aspectatio p.

If W > 2pH and R, hasaspectatio p, then

HIW-z) > 1/p
pH> W -z >2pH —<z

T > pH

H/z < 1/p

whichimpliesthat R; doesnothave aspectatio p. &

Lemma?2 LetR bearectangléhavingheightd andwidthW thatis slicedverticallyinto twosubectangles
Ry andRy. If W < 2H/p for agivenp, thenR; and Ry cannotbothhaveaspectatio p.

Proof. LetW < 2H/p andassumehat R; hasaspectatio p. Thenit canbe shavn thatz > W/2 and
W —z<W)/2:

Hiz < p

H < px
pW/2< H <pz

W2 < =
W—z < W/2

sothat

H/(W —z) 2 2H/W > 2H/(2H/p) = p
HIW —z) > p

whichimpliesthat R, doesnothave aspectatio p.



If W < 2H/p and R, hasaspectatio p, then

HIW—-z) < p
H<pW —pz < p2H/p— pzx

H > px

Hlz > p

whichimpliesthat R; doesnothave aspectatio p. &

Lemma3 Let R bea rectanglehavingheightH andwidth W that is slicedhorizontallyinto two subect-
anglesR; andRq. If H > 2pW orif H < 2W/p for a givenp value thenR; and R, cannotboth have
aspectatio p.

Proof. This lemmacan be establishedy first observingthat1/p < H/W < p impliesthatl/p <
W/H < p andthenapplyingthe sameargumentsusedin the proofsof Lemmasl and2 with H and W
interchanged <

The proof techniqueuisedfor the abore lemmasprovide cluesfor obtainingsomeconditionswhich guar
anteethatarectanglecanbevertically (or horizontally)slicedinto two subrectanglegachhaving anaspect
ratio of p. For example,note that Lemmasl and 2 have indicatedthat if thereis to be a chancethata
rectanglecanbe cutvertically into two acceptablsubrectangleshenit shouldprobablyhave heightH and
width W satisfying% < W < 2pH. Wenow shav thatthis mustbethe case.

Theorem 1 A rectanglewith height H and width W can be slicedvertically into two subectangleswith
aspectatio p if W satisfies%H < W < 2pH.

Proof. If theheightH andwidth W of therectangleo be cut satisfyary of the conditionsin Lemmasl, 2
or 3, thenthetwo resultingsubrectanglesannotboth have aspectatio p. Thus,supposehatthe width W
of arectanglesatisfies%H < W < 2pH. (Notethatthisis equialentto % <W/2 < pH.)

Now obsere thatary verticalcutatpositionz definitelydictateshatH/p < z < pH: if not,thenz < H/p
impliesthatH/z > p andz > pH impliesthatH/z < 1/p. Theseconditionscausetheleft subrectangle,
Ry, whichis formedby thecutat z, to lack the desiredaspectatio property

However, it is notclearthatcuttingtherectangleatpositionz whereH /p < z < pH will guarante¢hatR;
hasaspectatio p. To verify this, firstassumehat H/p < z < W/2. If thisis true,thenH /z > 2H/W >
1/pandH/x < H/(H/p) = p, andso R; will have aspectatio p.



For acutpositionz, W/2 < z < pH,H/xz < H/(W/2) < psoH/z < p. Also H/x > H/pH = 1/p.
ThustheresultingR; will againhave aspectatio p.

Cuttingtherectangleat positionz whereH /p < x < pH doesnot, however, necessarilguaranteghatthe
subrectanglereatedo theright of thez cutwill alsohave aspecratio p. In orderfor thisto betrue,thex
cutwill haveto belimitedto therangeW — pH < z < W — H/p asseenin Figure3. Argumentssimilarto
thoseusedabove canbe appliedto prove this restriction,sincecutting at thesepositionsis symmetricwith
respecto themidpointW/2 of therectanglewidth.

It follows thatin orderto cut the rectangleso that both subrectanglebave aspectratio p, the vertical cut
mustberestrictedo positionsmax(H/p, W — Hp) < z < min(Hp, W — H/p).

Notethatif W = 2H/p orW = 2pH, it caneasilybeshavn thatonly oneverticalcut positionof z = W/2
canbeusedwhichwill producetwo subrectanglewith aspectatiosof p. &

Corollary 1 If an H x W rectanglewith % < W < 2pH is slicedvertically at anypositionz whee
max(H/p,W — Hp) < z < min(Hp, W — H/p)

thentheresultingtwo subectanglehaveaspectatio p.

Equialentresultscanalsobe derived for horizontallycuttinga rectangleof height # andwidth W sothat
two resultingsubrectanglewith aspectatio p areobtained.Theseresultscanbe obtainedoy interchanging
H andW in theabove proof, henceTheorem?2 andCorollary 2.

Theorem 2 Arectanglewith heightH andwidth W canbeslicedhorizontallyinto two subectangleswith
aspectatio p if H satisfies2TW < H < 2pW.

Corollary 2 If an H x W rectanglewith % < H < 2pW is slicedhorizontallyat any positionz whee
max(W/p, H — Wp) <y <min(Wp, H — W/p)

thentheresultingtwo subectanglehaveaspectatio p.

We cancombinethesewo theoremdo obtainaconditionthatwill guarante¢hatbothhorizontalandvertical
slicingwill yield two subrectanglewith aspectatio p.

Theorem 3 If theheight H andwidth W of a rectanglesatisfiegherelation2H/p < W < Hp/2 whee
p > 2, thenit canbe cut horizontallyandvertically to yield two subectanglesvith aspectratio p.
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Proof. Usingtheinequalitie2H /p < W < Hp/2 and1/2 < 2, it follows that
H/(2p) <2H/p <W < Hp/2 < 2pH.

which meetghe conditionsof bothTheoremsl and2. &

TheorenB canbeusedo ensurdhattheinitial stockrectangldo berecursvely cutby ourrevisedalgorithm
will generatéwo resultingrectanglewith aspectatio p. Whatremainsto be provedis thattherecursie
cutting of theseresultingrectangleswill continueto generatesubrectanglesvith aspectratio p. We now
shaw thatthisis thecasef p is chosersothatp > 2.

Theorem 4 Supposea rectangleR has aspectratio p whee p > 2. If R cannotbe sliced vertically
(horizontally)to producesubiectangleswith aspectratio p, thenit canbeslicedhorizontally(vertically) to
yield subectanglesvith aspectratio p.

Proof. SupposeR hasaspectratio p > 2 and R cannotbe slicedvertically to yield two subrectanglewith
aspectatio p. By Theoreml, its dimensionssatisfyeitherW < 2H/p or W > 2H p. Theonly possibility
isW < 2H/p sincethe secondnequalitywould contradictthe assumptiorthat R hasaspecip: W > 2Hp
impliesthat H/W < 1/(2p) < 1/p.

Now assuminghatW < 2H/p andp > 2, we have p? > 4 sothatW > 4W/p?. Combiningthis with the
firstinequality then2H/p > 4W/p? or H > 2W/p. We sawv earlierin Theorem2 thatif 2W/p < H <
2pW then R canbe cut horizontallyto give two subrectanglewith aspectatio p. Soit remainsto shov
thatH < 2pW. If H > 2pW,thenH/W > 2p > p contradictingtheinitial assumptiorthat R hasaspect
ratio p, thus R satisfiesthe conditionsof Theorem2 andcanbe cut horizontallyto producesubrectangles
with aspectatio p.

Analogouslyit canbeshavn if thatif R hasaspectatio p andit cannotbeslicedhorizontally thenit canbe
slicedvertically, If R cannotecuthorizontallythenH < 2W/p or H > 2pW . ThecasewhereH > 2pW
conflictswith theassumptiothat H/W < p.

Now assuminghat H < 2W/p andp > 2, we have p?> > 4 sothat H > 4H/p?. Combiningthis with
the first inequality then2W/p > 4H/p? or W > 2H/p. We saw earlierin Theoreml thatif 2H/p <
W < 2pH then R canbe cut horizontallyto give two subrectanglewith aspectratio p. Soit remainsto
shav thatW < 2pH. If W > 2pH, thenH/W < 1/(2p) < 1/p contradictingthe initial assumption
that R hasaspectatio p, thus R satisfieghe conditionsof Theoreml andcanbe cut vertically to produce
subrectanglewith aspectatio p.

Thus,ary rectangleR with aspectatio p > 2 canbeslicedvertically or horizontally (or bothways)if the
conditionsof Theorem4 aremet. &



3.2 Algorithm for generating aspect ratio data sets

It is now possibleto designanalgorithmthatslicesa stockrectanglento a setof subrectanglebaving the
sameaspectatio p > 2. First, startwith arectangleR having aspectatio p whoseheightandwidth satisfy
the conditionsof Theorem3. R canbe slicedeithervertically or horizontallyto yield two subrectangles
with thesameaspectatio p: afterselectinga directionrandomly choosearandomslicing positiondictated
by theappropriateCorollary (1 or 2). Theresultingtwo subrectanglewill have aspectatio p.

Next, randomlyselecta subrectanglend determinea slicing direction: (horizontal,vertical, or eitherif
possible).Having choserthe directionto slice, selectan appropriateandompositionandcut the subrect-
angle.Replaceaherectanglan thelist with thesetwo subrectanglesThis procesds thenre-appliedto the
list of subrectanglessinceeachsubrectangl@asaspectatio p, its subrectanglewill alsohave aspectatio
p (Theoremd) andtheseslicing stepscanbe repeated.The procesgerminatesvhenthe list containsthe
desiredhumberof subrectangles.

Thesecondd(n) datageneratiorprocedureanbewritten as

Algorithm 11: Controlling the Aspect Ratio

Inputtheparameters, p > 2, H, andthenW where2H/p < W < pH/2

while n rectanglesiotyetgeneratedlo
choosearectangleR atrandom
{Theorem4 guaranteethatit canbecutin atleastonedirectior}
randomlychoosea verticalor horizontalslicing direction,if possible;

otherwiseselecttheverticalor horizontaldirectionasappropriatg Theorem2 or 3}

randomlychoosea cuttingpositionwithin thelegal rangeof slicing positions{Corollary 1 or 2}
performthecuton R, generatingwo subrectangles
replaceR in thelist with thetwo subrectangles

endwhile

4 Generating rectangles satisfying the arearatio constraint

Thedatasetsgeneratetby Algorithm Il consisif rectangles:; x w; with aspectatiop (i.e.1/p < h;/w; <
p). Theareasof theserectangleshowever, oftenvary aswidely asthoseproducedby the basicalgorithm
alone.To controltherangeof areasa secondarametery is now introduced.

A modificationto Algorithm | canbe madeto generatelatasetswhoserectanglesatisfya userspecified
arearatioy > 2. Thatis, theratio of the areasof ary two rectanglesn the datasetmustfall in theinterval
[1/7,~]. To ensureghatthegeneratedectanglesatisfythis constraintthefollowing propertiesarenoted.

Theorem 5 Lety > 2 and {R;} be a setof n rectangleswith arearatio  which are ordered by non-



increasingareas:
area (Rg) > area (R;) > area (Rg) > ...> area (Rp_1)

Any R; whee area (R;) > 2area (Rp)/y can be sliced vertically into two subectanglesso that the
resultingsetof n + 1 subectangleswill havearearatio .

Proof. Assumethat rectangleR; is selectedfor cutting, andlet the vertical slicing of R; take placeat
positionz. Sincecutsatz andw; — z yield symmetricsubrectanglesye limit thechoiceof z toz < w;/2.

To ensurethat the two subrectanglesesultingfrom this slicing both have areasof at least area (Ry) /7y

whenvy > 2, we restrictz furthersothatz > %ﬁRO). It is possibleto restrictz this way because
area (R;j) = hjw; > 2 area (Rg) /v, i.e.
w;)2 > e fo) )
J = ,_Yh]

Theinitial setof n sortedrectanglesvereassumedo have arearatio~y; in particular
1/ < area (Ry)/ area (R,;) <~y forallp,q # j

andthis expressiorstill holdsafter R; hasbeensliced.

Let A andB denotetheresultingsubrectangleBom theslicing of R; asshavn in Figure4. Theremaining
arearatiosthatmustbe examinedare: (i) area (R;)/ area (A) and area (R;)/ area (B) for all i # j and
(i) area (A)/ area (B)

case(i)Since area (A) < area (R;) and area (R;)/ area (R,_1) <, then area (A)/ area (R,—1) <7y
and area (R,_1)/ area (A) > 1/7. But area (R;) > area (R,_1), SO area (R;)/ area (A) > 1/~ for
all 7 # j.

Furthermorethevertical cut positionz waschosersothat area (A) > area (Rp)/~y, implying that
area (A)/ area (Ry) > 1/ sothat area (Ry)/ area (4) <.

Since area (R;) < area (Ry), we have area (R;)/ area (A) <~ foralli # j.

Thus,
1/v < area (R;)/ area (A) < yforalli # j

andsimilarly,
1/v < area (R;)/ area (B) <y for all i # j.



case(ii) Theverticalcutpositionguaranteethat area (A) > area (Ry)/~y SO
area (A)/ area (B) > area (Ry)/(vy area (B)).

Further area (B) < area (R;) < area (Rp) yields area (Ry)/ area (B) > 1, S0 area (A)/ area (B) >
1/7.

Similarly,
area (A) < area (R;) < area (Ry)

and
area (B) > area (Rp)/y

combineto yield area (A)/ area (B) < vy, andso

1/ < area (A)/ area (B) < .
This completeghe proofthatthe setof n + 1 resultingsubrectanglesatisfieghe arearatio constraint.&

Corollary 3 Letm denotethe maximumarearectanglein a list of n rectangleswith arearatio . Select
anyrectangleR; whee area (R;) > 2m/v andsliceit vertically at positionz whee % <z < w;/2
Theresultingsetof n + 1 rectanglesasarearatio v.

It canbe shawvn thata similar conditionfor horizontalcutting exists. For brevity, we stateonly the corre-
spondingcorollary

Corollary 4 Letm denotethe maximumarearectanglein a list of n rectangleswith arearatio y. Select
anyrectangleR; whee area (R;) > 2m/~ andsliceit horizontallyat positiony whee % <y < hj/2.
Theresultingsetof n + 1 rectangleasarearatio .

By incorporatingtheseobsenationsinto the basicalgorithm,an O(n?) datageneratiorprocedurehatcre-
atesa setof rectanglesatisfyingthe arearatio constrainicanbe written as:

Algorithm I11: Controlling the Area Ratio
Inputthe parameters, v > 2, H, andW
while n rectanglesiot yet generatedio
let m betheareaof thelargestrectanglean thecurrentset
choosearectangleR from all subrectanglewhoseareasaregreatetthan2m/~y
randomlychoosea verticalor horizontalslicing direction
randomlychoosea cuttingpositionwithin thelegal rangeof slicing positions{Corollary3 or 4}
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performthecuton R, generatingwo subrectangles
replaceR in thelist with thetwo subrectangles
endwhile

5 Combining aspect and area ratio constraints

The algorithmsdevelopedthusfar generatedatasetswherethe sizesand areasof the rectanglesanbe
constrainedy eitheraspectatio or arearatio. In mary instancesit is desirableto emplg/ datasetswhere
boththeaspectatio andthe maximum-to-minimunarearatio arebounded.

To accomplishthis, thealgorithmsderivedin sections3 and4 canbe combined However, meging thetwo
methodsequiresthatthe conditionsin Corollariesl, 2, 3 and4 be met. To prove thattheseconditionsdo
not conflict, thefollowing theoremis established.

Theorem 6 Letp,y > 2 and{R;} bea setof n rectanglesvith aspectratio p andarearatio vy which are
orderedby non-inceasingareas:

area (Rg) > area (R;) > area (Rg) > ...> area (Rp_1)

AnyR; whee area (R;) > 2 area (Rp)/y canbeslicedinto two subectanglessothattheresultingsetof
n + 1 subectangleswvill haveaspectatio p andarearatio .

Proof. AssumethatrectangleR; = h; x w; is selectedfor cutting becauseR?; meetsthe condition
area (R;) > 2 area (Rp)/v. Notethisimpliesthatinequality(1) in Section4 holds.

From Theorem4, we know that R; canalsobe slicedeithervertically or horizontally (If Theorem3 is
satisfied,R; canbeslicedin eitherdirection.) Specifically if theconditionsof Theoreml hold,thenR; can
beslicedvertically;if theconditionsof Theoren? hold,thenR; canbeslicedhorizontally

Supposehatthe conditionsof Theoreml hold:

2h;
7J < wj < 2phy, 2)

andsoCorollary 1 definesthe positionsz for slicing vertically sothatthe resultingtwo subrectanglewill
have aspectatio p:
max(h;/p,w;j — hjp) < z < min(hjp,w; — hj/p) 3)

Similarly, in orderto ensurethatthe n + 1 subrectanglesesultingfrom the cut will have arearatio v,

11



Corollary3 dictatestheslicing positionsas
m
— <z <w;/2 4)
vh; i!

wherem = area (Rp).

If theverticalslicing positionz canbe selectedo satisfybothinequalities3 and4, thentheresultingsetof
rectangleswill have aspectatio p andarearatioy. A proof by contradictionestablisheshatxz canbe so
chosen.

Supposehereis no z thatsatisfiesdothinequalitieg3) and(4). Theneither

(i) w;/2 <max(hj/p,w; — hjp)

or
m
ii) —— > min(h,;p,w; — h;/p).
(i) 7 > min(sp,w; = hy/p)
case(ilf w;/2 < max(h;/p,w; —h;p), theneither(@)w;/2 < h;/por(b)w;/2 < w;—h;p. Inequality(a)
impliesthatw; < 2h;/p and(b) impliesthat2ph; < w; whichbothcontradictinequality(2).

case(ii)lf % > min(h;jp,w; — hj/p), theneither(a) 7mT] > hjp or (b) % > w; — h;/p. Inequality(a)

impliesthat
m hjp

Yhijw; = w;

andsincey > ;7 and%@ > %, this leadsto the contradictiorthatl > 1.
]I J

Sincew; — h;/p > w;/2 usinginequality (2), inequality(b) simplifiesto % > w;/2 which contradicts
inequality(1) in sectiond. Thus,z canbe choseto satisfybothconditionsof Corollariesl and3.

Using similar techniquesa proof for the casewhere R; is to be sliced horizontally can be derived by
applyingTheoren2 andCorollaries2 and4. &

Corollary 5 Letm denotehemaximunarearectangldn alist of n rectanglesvith aspecratio p andarea
ratio y. SelecanyrectangleR; whee area (R;) > 2m/v andsliceit vertically at positionz whee

m .
max(h;/p, wj — h;jp, fy—h]) <z < min(hjp,w; — hj/p,w;/2).

Theresultingsetof n + 1 rectangleiasaspectatio p andarearatio -y.

Corollary 6 Letm denotehemaximumnarearectangldn alist of n rectanglesvith aspecratio p andarea

12



ratio y. SelectanyrectangleR; whee area (R;) > 2m /v andsliceit horizontallyat positiony whee

m .
max(w;/p, h; — w;p, 77) <y < min(w;p, hj —w;/p,h;/2).

J

Theresultingsetof n + 1 rectangleiasaspectatio p andarearatio +y.

A fourth O(n?) datageneratiorprocedureeannow bewrittenas

Algorithm 1V: Controlling the Aspect and Area Ratio

Inputtheparameters, {7, p > 2}, H, andthenW where2H /p < W < pH/2

while n rectanglesiotyetgeneratedlo
let m betheareaof thelargestrectanglan thecurrentset
choosearectangleR from all subrectanglewhoseareasaregreatetthan2m/~y
if possiblerandomlychoosea verticalor horizontalslicing direction;

otherwiseselecttheverticalor horizontaldirectionasappropriatg Theorem2 or 3}

randomlychoosea cuttingpositionwithin thelegal rangeof slicing positions{Corollary5 or 6}
performthecuton R, generatingwo subrectangles
replacerR in thelist with thetwo subrectangles

endwhile

6 SampleData Sets

To illustratethedifferencesn the datasetsthatcanbe generatedby the approachedescribedn this paper
we examinesomesampledatasetsthat were producedoy Algorithms| andlV. For eachof thesesets,an
initial rectangleof size100 x 200 wasrecursvely slicedasdiscussedh section® and5. Thecharacteristics
of theresultingdatasetsaresummarizedn this section.

Thefirst groupof datasetsshavn in Tablel weregeneratedby thebasicroutinegivenin Algorithm|. Recall
thatno restrictionsareplacedon aspectatio or arearatio in this case—fectanglesrerandomlyselectedor
cutting,andslicesareequallylikely to be madein randomdirections.This proceduraesultsin generating
therectanglesvhoseheightandwidth dimensionsareshavn in Figure5 for n = 50, n = 50, andn = 5000.

We referto thesesetsas“pathological’datasetsbecausehereis alarge variancein the heightsandwidths
of the generatedectangles As the datasetsgetlargerin size,eitherthe heightor width of therectangles
alsoseemto getvery small.

The secondgroup of datasetsshavn in Table 1 were generatedusing Algorithm IV wherethe slicing
positionsare controlledso that resultingrectanglewill have aspectatio p andthe datasetwill have area
ratioy. Thevaluesp = 4 andy = 7 wereselectedor thesedatasets.Thuseachgeneratedectanglehasa
height/widthratio lying between0.25,4]. Similarly, the ratio of the largestareato smallestrectanglearea
in ary datasetdoesnotexceed?.

13



Figure 6 plots the rectangledor the datasetsof sizen = 50, n = 50, andn = 5000. The setscanbe
thoughtof as“nice” datasetsbecause¢herectanglestharacteristicgall within specifiedranges:thereare
nolongflat or tall thin rectanglesndthe areasf therectanglesreof the samemagnitude.

The characteristicef thesetwo typesof datasetsarefurtherillustratedby regardingtheir obsered values
of p andvy. Notethatin Table2 theretendsto be at leasttwo magnitudeof differencein therectangles’
height/widthratioswithin every pathologicaldatasetwheren > 30. For the nice datasetsgeneratedy

Algorithm IV, eachrectangles aspectatiosis at most4 andno lessthan0.25for all datasets.

Figure 7plots the sortedheight/widthratios for rectanglesn the pathologicaland nice datasetswhere
n = 50. The graphsshavs how the height/widthratios are distributed within eachdatasetandreflects
the differencein magnitudeshavn in Table2. The distribution of height/widthratiosfor the pathological
rectanglesangefrom mary smallratiosto severallargerratios. The aspectatiosfor the nicedatasetsfall
only betweer0.25and4.

Thedifferencesn theareaf therectanglebelongingto the pathologicabndnice datasetsarealsoshavn

in Table2. For the pathologicaldatasets,the ratio of the largestrectangleareato smallestrectanglearea
appearso increasey ordersof magnitudeasthe numberof rectanglesn the setsgrows larger. For thenice
datasets this ratiois atmost7, thevaluespecifiedastheinput parametety.

In additionto finding the maximumandminimumareavaluesfor eachdataset,the averagerectanglearea
could be calculated but this valuewill alwaysequalthe total areaof the initial rectangledivided by the
numberof rectanglegeneratecind so doesnot provide muchary additionalinformationaboutthe data
set. However, the areasof therectanglesn eachdatasetcaneasilybe plottedto shav the rangeof their
distribution.

In Figure 8, the distribution of areavaluesincludesmary small and somevery large rectangledor the
pathologicaldataset. As expected,the areavariancein the nice datasetis far smallerdueto its being
boundedoy a maximumarearatio equalto 7.

7 Summary

Theproceduresutlinedin this reportpermitthe generatiorof setsof » rigid rectangleshatcanbe pacled
or cut from rectangularegionswith zerowaste. The sizesand areasof theserectanglesnay have large
varianceas producedby Algorithm | or canberestrictedto satisfyuserspecifiedaspectandmaximum-to-
minimumarearatiosusingAlgorithmsll, 11l or IV. Datasetsof ary sizecanbe obtainedn this manner

Modificationsto thesealgorithmscanbe madeby tighteningthe rangeof choices.For example therectan-
gle R; thatis choserto beslicedfor maintainingthe arearatio constrainin AlgorithmslIil andIV couldbe
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restrictedo justthe maximumarearectangleR,. Alternatively, the z positionof averticalslicethatgener
atestwo subrectanglewith aspectatio p mightalwaysbe choserasthe lower boundfor z in Corollary 1.
Many suchmodificationsare possibleandresultin the generatiorof differenttypesof datasetswhich a
researchemay prefer

The distribution of rectanglesizesandareasasgeneratedy thesealgorithmsfurther dependon the prob-
ability distributionswhich governthe randomchoicesfor the subrectangle® berecursiely slicedaswell

asthedirectionandpositionof the slice,to the extentdictatedby the appropriateheoremsandcorollaries.
Theseopicsareresearctareascurrentlyunderstudy
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DataSet Height Width
Name | n max min avg max min avg
pat h_10 10 100 8.35837 60 66.1978 3.05587 38.5064
pat h_20 20 | 74.8535 0.37062 22.9127| 181.903 0.0047569 43.3106
pat h_30 30 | 63.5651 0.16178 20.3529| 126.544 0.0980349 48.8760
pat h .50 50 | 73.4758 1.24164e-05 7.3563 | 136.987 0.4282280 41.4501
pat h_100 | 100 | 78.9366 0.00165 7.68243| 145.203 0.0109578 26.8371
pat h.200 | 200 | 37.2576 2.10877e-07 5.56013| 198.444 0.0008622 32.9201
pat h.500 | 500 | 76.5074 2.36039e-05 1.41293| 171.899 6.76548e-06 4.5372
pat h_1t 1000 | 35.4326 2.23302e-07 1.83857| 127.698 1.17497e-06 10.1380
pat h_2t 2000 | 90.6677 2.39115e-09 3.81625| 157.532 2.4667e-10 5.0222
pat h_5t 5000 | 54.8126 6.44536e-09 2.11321| 139.143 4.55262e-08 2.3374
ni ce_10 10 | 69.0438 19.1295 44.6252| 70.5507 18.8939  47.0551
ni ce_20 20 | 58.9809 11.0813  33.2061| 62.7279 16.8828  29.8496
ni ce_30 30 100 14.6891  27.0852| 94.2618 11.5792  24.9402
ni ce 50 50 | 60.9188 8.69446  21.4948| 37.1099 8.88438 20.4661
ni ce_100 | 100 | 32.4315 5.10983 14.6936| 30.8926  4.80933 14.1599
ni ce.200 | 200 | 28.0957 3.67168 10.721 | 25.7108  3.55487 10.2708
ni ce 500 | 500 | 20.4512 2.33988 6.63364| 18.8291 2.58266 6.56829
ni ce_1t 1000 | 12.1489 1.60008 4.55755| 13.7578 1.6738 4.76367
ni ce_2t 2000 | 10.4493 1.24654  3.32311| 11.4757 1.22907  3.29283
ni ce_5t 5000 | 6.91479 0.780134 2.07974| 7.18023 0.784575 2.11803

Tablel: Heightandwidth statisticsfor exampledatasets
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| DataSet | Aspectratio= Height/Wdth | Area |
| Name | n | max min | max min v = max/min |
pat h_10 10 32.723862 0.177596 | 6619.78 305.587 21.6625
pat h_.20 20 10240.3 0.034009 | 8319.75 0.124119 67030.6
pat h_30 30 340.701 0.00127842| 3466.24 3.27442 1058.58
pat h.50 50 3.37028 2.40351e-06| 7847.19 6.41424e-05 1.2234e+08
pat h.100 | 100 532.073 6.24847e-05 11461.8 0.000493591 2.32212e+07
pat h.200 | 200 15628.6 6.01994e-09 2546.71 1.83324e-06 1.38918e+09
pat h.500 | 500 23600.3 4.14669e-05 6141.94 2.6104e-09 2.35288e+12
pat h_1t 1000 685712 1.36322e-08 2428.64 6.33723e-08 3.83234e+10
pat h_2t 2000 | 9.76744e+07 1.1043e-07| 3659.14 4.72855e-13 7.73839e+15
pat h_5t 5000 | 2.9487e+07 1.09439e-09 1146.07 1.11438e-14 1.02843e+17
ni ce_10 10 2.447984 0.271145 | 3555.91 873.88 4.06911
ni ce_20 20 3.113818 0.276488 | 2975.18 436.494 6.81608
ni ce_30 30 3.888324 0.272336 | 2571.8 372.526 6.90369
ni ce 50 50 3.433568 0.260070 1132 169.914 6.66221
ni ce_100 | 100 3.993231 0.320414 | 545.908 78.5245 6.95208
ni ce_200 | 200 3.970387 0.252198 | 285.179 42.3561 6.73289
ni ce 500 | 500 3.999504 0.250588 | 150.389 21.5188 6.98872
ni ce_lt 1000 | 3.975254 0.250259 | 67.7191 9.67665 6.9982
ni ce_2t 2000 | 3.996923 0.250161 | 41.0826 5.86941 6.99945
ni ce_5t 5000| 3.999353 0.250004 | 16.2659 2.32397 6.99918

Table2: Height/Width andarearatiosfor sampledatasets
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Figurel: A zero—vastepacking
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X W-X

Figure2: Verticalslicingof an H x W rectangle
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H/p pH W< 2oH

R, cuts

Figure3: Legal verticalslicing positionsof an H x W rectangle
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Figure4: Verticalslicing of rectangleR; = h; x w; rectangle
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Figure7: Height/Wdth comparison$or datasetsof sizen = 50
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