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Abstract

Thisreportdescribesarecursiveprocessfor generatingdatasetsof rigid rectanglesthatcanbeplaced

into rectangularregionswith zerowaste.Thegenerationprocedurecanbemodifiedto guaranteethatthe

aspectandarearatiosof therectanglesin thegenerateddatasetssatisfyuser-specifiedparameters.This

recursive processcanthusbeemployedto createa varietyof datasetsthatcanbeusedto evaluatethe

efficiency andscalabilityof rectangularcuttingandpackingalgorithms.
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1 Introduction

Many rectangularcuttingandpackingalgorithmshave appearedin the literaturein the last threedecades.

Thesesolutionprocedureshave oftenbeenevaluatedby usinga varietyof testdatasets.For cuttingprob-

lems,several popularbenchmarkdatasets([1, 7]) have beenutilized for solving constrainedanduncon-

strainedproblems.Thenumberof rectanglesappearingin thesedatasetstypically rangesfrom thetensto

hundredsof pieces,andtheoptimalsolutionfor eachdatasetmayor maynot beknown. Similarly, many

rectangularbin packingheuristicshave reliedon datasetsfor demonstratingtheir effectiveness.For exam-

ple, bin packingdatasetshave beenusedin [2, 4, 5, 6]; thesecontainat mosthundredsof rectanglesand

several sharethe propertythat an optimal solutionfor the datasetis known. Otherbin packingdatasets

(e.g. [3]) containrectangleswhoseheightsandwidthshave beenrandomlygeneratedandwhoseoptimal

solutionhaswastethatis unknown but canbeboundedbelow by summingtheareasof therectanglesto be

packed.

�
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Therectanglesappearingin thepublisheddatasetsfor bothcuttingandpackingdisplayarangeof properties.

Somedatasetscontainrectanglesthat appearto be “nearly” square. Otherscontainrectanglesthat are

mostly tall andthin or shortandfat, while otherdatasetscontainboth typesof rectangles.Additionally,

many containrectanglesthatareeithervery largeor verysmallin area,while otherscontainrectanglesthat

all have similararea.

This varietyof rectanglesizesandareasenablesresearchersto determineif their proposedalgorithmsare

biasedtowardsany particulartypesof data. However, the small sizesof thesedatasetsdo not enablea

determinationto bemadeof whethercuttingandpackingalgorithmswill scaleto largeproblemsizes,and

often,thequalityof thesolutioncanonly beapproximatedsincetheoptimalsolutionis notknown.

Due to this sparsityof large benchmarkdatasetsfor the problemof cutting or packingrectanglesinto

rectangularregions,wehavedevelopedarecursive routinefor generatingdatasetsof rigid rectangleswhich

canbe packed into a zero-wasterectangularregion. More importantly, this procedurepermitsthe userto

specifya rangeof variation in thedimensionsandareasof thegeneratedrectangles.Thedatasetsgenerated

by our techniquehave recentlybeenusedto evaluateageneticalgorithmfor packingrectangles[8].

Section2 describesthe basicapproachusedby the dataset generationalgorithm which, simply stated,

recursively cutsa userspecifiedinput rectangleinto smallersubrectangles.This methodcanbe modified

so that the height-to-widthratiosof the resultingrectanglesis controlledasproven in section3. Further,

section4 illustrateshow theimpositionof restrictionsgoverningthechoiceof which subrectanglescanbe

recursively slicedwill yield datasetswherethemaximum-to-minimumareaof resultingrectanglescanbe

limited. Next, we show how theseprocedurescanbecombinedto producedatasetscontainingrectangles

whoseaspectandarearatiosarecontrolledasdescribedin section5. Section6 characterizessomesample

datasetsgeneratedby theseprocedures.Finally, thecontributionsof thepaperaresummarizedandareasof

ongoingresearcharedescribedin section7.

2 Generating unconstrained rectangles

A basicprocedurecanbeformulatedwhich generatesdatasetscontaining� rectangleswith no restrictions

beingplacedon therelative height
���

andwidth � � of eachrectangle.Recursive slicing of a large (stock)

rectangleis performedby applyingverticalor horizontalcutswith equalprobability. At eachstep,slicing

positionsarechosenwith uniform probability. By reversingthe slicing process,the rectanglescanbe re-

assembledinto a zero-wastepacking.In this manner, rectanglessuchasthoseshown in Figure1 caneasily

begenerated.

At thestartof thedatasetgenerationprocess,theuseris askedto inputthedimensionsof thestockrectangle

andalsotheprecisenumberof rectangularpiecesdesired.The input parametersconsistof � , thenumber
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of desiredrectangles,and � and � , theheightandwidth of thestockrectanglebeingcut. Thefollowing

algorithmdescribesthebasictechniquefor generatingadataset.

Algorithm I: Generating Unconstrained Rectangles
Input: � , � , and �
while � rectangleshave notyetbeengenerateddo

choosea rectangle	 randomly
chooseaverticalor horizontalslicingdirectionrandomly
choosea randompositionto cut 	 in thechosendirection
performthecut,generatingtwo subrectangles
replace	 in thelist with thetwo new subrectangles

endwhile

It is clear that this 
�� �� processgeneratesa set of rectangleswith real-valueddimensionsthat can be

reassembledinto astockrectangleof size ����� with zerowaste.

3 Generating rectangles satisfying the aspect ratio constraint

Theaspectratio of a rectanglewith height
���

andwidth � � is definedto be theratio ���� � . Algorithm I can

bemodifiedto producea setof rectangleswhoseaspectratiosfall within a user-specifiedrangeof �����������! 
where�#"%$ . To ensurethis,additionalconstraintsmustbesatisfiedduringthegenerationprocess.First,the

inputstockrectanglemustsatisfyaninitial conditionbasedon thevalueof the � parameter. Next, positions

at which successive randomcutting of the initial stockpieceandthe intermediatesubrectanglesmustbe

restricted.To prove that the final setof generatedrectangleshave the desiredaspectratio, the following

theoremsarenoted.For convenience,a rectangle	 of height � andwidth � is saidto “have” aspectratio

� if �����#&'�(�)� &*� .

3.1 Mathematical conditions for aspect ratio cutting

Lemma 1 Let 	 bea rectanglehavingheight� andwidth � thatisslicedverticallyinto twosubrectangles

	,+ and 	.- . If � /0$1�2� for a given � , then 	,+ and 	.- cannotbothhaveaspectratio � .

Proof. Suppose	 is slicedat position 3 to form two subrectangles	 + and 	 - asshown in Figure2. Let

� /%$1�2� andassumethat 	,+ hasaspectratio � .
It follows that 3540�6�7$ and �98:35/%�6�7$ because

�(��3 " �����
3�&*�;� 4 �<�6�<�=$1� ?> �@�7$
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3 4 �@�7$
�A8:3 / �@�7$

from which

�(�<�B�A8:3  4 �C�<�B�6�7$ 
�C�<�B�A8:3  4%$7�C�)� 4 $7�C�<�=$1�;� D> �����

�(�<�B�A8:3  4 �����

which impliesthat 	 - doesnothave aspectratio � .
If � /0$1�2� and 	.- hasaspectratio � , then

�(�<�B�E8F3  " �����
�;�G" �A8F3 /%$1�2�H8:3

3 / �2�
�(��3 4 �����

which impliesthat 	 + doesnothave aspectratio � . I

Lemma 2 Let 	 bea rectanglehavingheight� andwidth � thatisslicedverticallyinto twosubrectangles

	,+ and 	.- . If � 40$7�C��� for a given � , then 	,+ and 	.- cannotbothhaveaspectratio � .

Proof. Let � 4J$7�C��� andassumethat 	 + hasaspectratio � . Thenit canbeshown that 3'/J�6�7$ and

�A8:3�4K�@�7$ :

�C��3 & �
� & �!3

���6�7$L4 � &*�!3
�6�7$ 4 3

�M8:3 4 �@�7$

sothat

�C�<�B�A8:3  "%$7�(�)� / $7�C�<�=$7�(��� N> �
�(�<�B�E8:3  / �

which impliesthat 	.- doesnothave aspectratio � .
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If � 40$7�C��� and 	.- hasaspectratio � , then

�C�<�B�E8O3  & �
�P&Q�<�A8:�23 4 �<$7�C���L8:�23

� / �23
�(��3 / �

which impliesthat 	,+ doesnothave aspectratio � . I

Lemma 3 Let 	 bea rectanglehavingheightH andwidth W that is slicedhorizontallyinto two subrect-

angles	,+ and 	.- . If �R/S$1��� or if �R4S$T�6��� for a given � value, then 	,+ and 	.- cannotbothhave

aspectratio � .

Proof. This lemmacan be establishedby first observingthat �����J&U�(�)� &V� implies that �����W&
�6�1�X&Y� andthenapplyingthe sameargumentsusedin the proofsof Lemmas1 and2 with � and �
interchanged.I
Theproof techniquesusedfor theabove lemmasprovide cluesfor obtainingsomeconditionswhich guar-

anteethata rectanglecanbevertically(or horizontally)slicedinto two subrectangles,eachhaving anaspect

ratio of � . For example,note that Lemmas1 and2 have indicatedthat if thereis to be a chancethat a

rectanglecanbecutvertically into two acceptablesubrectangles,thenit shouldprobablyhaveheight � and

width � satisfying -[Z\ &0� &'$1�;� . Wenow show thatthismustbethecase.

Theorem 1 A rectanglewith height � and width � can be slicedvertically into two subrectangleswith

aspectratio � if � satisfies-[Z\ &K�]&%$1�;� .

Proof. If theheight � andwidth � of therectangleto becut satisfyany of theconditionsin Lemmas1, 2

or 3, thenthetwo resultingsubrectanglescannotbothhave aspectratio � . Thus,supposethatthewidth �
of a rectanglesatisfies-[Z\ &K�]&%$1�;� . (Notethatthis is equivalentto Z \ &0�6�7$^&*�2� .)

Now observethatany verticalcutatposition3 definitelydictatesthat �(���#&'3�&*�;� : if not,then3_4'�(���
impliesthat �C��3:/K� and 3F/0�;� impliesthat �C��3O4S����� . Theseconditionscausetheleft subrectangle,

	 + , which is formedby thecutat 3 , to lack thedesiredaspectratioproperty.

However, it is notclearthatcuttingtherectangleatposition 3 where�C���#&*3�&'�2� will guaranteethat 	,+
hasaspectratio � . To verify this,first assumethat �C���(&%3_&`�6�7$ . If this is true,then �(��3_"a$7�(�)� "
����� and �(��3�&'�(�<�b�C��� c> � , andso 	,+ will have aspectratio � .
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For a cut position 3 , �6�7$C4d3e&`�;� , �(��3e4f�C�<�B�6�7$  &d� so �(��3@4`� . Also �(��3@"d�C���;� > ����� .
Thustheresulting	,+ will againhave aspectratio � .
Cuttingtherectangleat position 3 where�C���g&*35&*�2� doesnot,however, necessarilyguaranteethatthe

subrectanglecreatedto theright of the 3 cut will alsohave aspectratio � . In orderfor this to betrue,the 3
cutwill have to belimited to therange�P8C�2�h&*35&0�P8(�C��� asseenin Figure3. Argumentssimilar to

thoseusedabove canbeappliedto prove this restriction,sincecuttingat thesepositionsis symmetricwith

respectto themidpoint �6�7$ of therectanglewidth.

It follows that in orderto cut the rectangleso that bothsubrectangleshave aspectratio � , the vertical cut

mustberestrictedto positionsikj1lm�b�C���n�o�E8O���  &*3�&%ikprqm�b�5���o�A8O�(���  .
Notethatif � > $7�C��� or � > $1�2� , it caneasilybeshown thatonly oneverticalcutpositionof 3 > �6�7$
canbeusedwhichwill producetwo subrectangleswith aspectratiosof � . I

Corollary 1 If an �h�5� rectanglewith -[Z\ &%� &%$1�2� is slicedverticallyat anyposition 3 where

ikj1ls�b�(�����o�A8O�5�  &'3�&'ikptqm�b���n�o�98e�C��� 

thentheresultingtwosubrectangleshaveaspectratio � .

Equivalentresultscanalsobederivedfor horizontallycuttinga rectangleof height � andwidth � sothat

two resultingsubrectangleswith aspectratio � areobtained.Theseresultscanbeobtainedby interchanging

� and � in theabove proof,henceTheorem2 andCorollary2.

Theorem 2 A rectanglewith height � andwidth � canbeslicedhorizontallyinto twosubrectangleswith

aspectratio � if � satisfies-[u \ &'�h&%$1�<� .

Corollary 2 If an �h�5� rectanglewith
-[u \ &%�G&%$1��� is slicedhorizontallyat anyposition 3 where

ikj1lv�B�6���n�[�w86�`�  &*xg&'ikprqv�B�d���[�H8@�6��� 

thentheresultingtwosubrectangleshaveaspectratio � .

Wecancombinethesetwo theoremsto obtainaconditionthatwill guaranteethatbothhorizontalandvertical

slicingwill yield two subrectangleswith aspectratio � .

Theorem 3 If theheight � andwidth � of a rectanglesatisfiestherelation $7�(���_&S� &d�����7$ where

�y"0$ , thenit canbecuthorizontallyandvertically to yield twosubrectangleswith aspectratio � .
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Proof. Usingtheinequalities$7�(���#&K�]&'�5�<�7$ and ���7$�40$ , it follows that

�C�<�=$1�  &%$7�(���g&0�]&%�����7$�&'$1�2�5z

whichmeetstheconditionsof bothTheorems1 and2. I
Theorem3 canbeusedto ensurethattheinitial stockrectangleto berecursively cutby ourrevisedalgorithm

will generatetwo resultingrectangleswith aspectratio � . What remainsto beproved is that therecursive

cutting of theseresultingrectangleswill continueto generatesubrectangleswith aspectratio � . We now

show thatthis is thecaseif � is chosensothat �#"%$ .

Theorem 4 Supposea rectangle 	 has aspectratio � where �Y"{$ . If 	 cannotbe sliced vertically

(horizontally)to producesubrectangleswith aspectratio � , thenit canbeslicedhorizontally(vertically) to

yieldsubrectangleswith aspectratio � .

Proof. Suppose	 hasaspectratio �("`$ and 	 cannotbeslicedvertically to yield two subrectangleswith

aspectratio � . By Theorem1, its dimensionssatisfyeither � 4a$7�C��� or � /K$7�5� . Theonly possibility

is � 4%$7�C��� sincethesecondinequalitywouldcontradicttheassumptionthat 	 hasaspect� : � /0$7�5�
impliesthat �(�)� 4f���<�=$1�  4f����� .
Now assumingthat � 4K$7�C��� and �g"a$ , wehave � - "0| sothat � "'|2�6��� - . Combiningthis with the

first inequality, then $7�C���F/}|2�6��� - or �R/~$T�@��� . We saw earlierin Theorem2 that if $T�6���F&S�R&
$1�<� then 	 canbecut horizontallyto give two subrectangleswith aspectratio � . So it remainsto show

that �V&a$1�<� . If �V/K$1��� , then �(�)� /K$1�(/0� contradictingtheinitial assumptionthat 	 hasaspect

ratio � , thus 	 satisfiestheconditionsof Theorem2 andcanbecut horizontallyto producesubrectangles

with aspectratio � .
Analogously, it canbeshown if thatif 	 hasaspectratio � andit cannotbeslicedhorizontally, thenit canbe

slicedvertically. If 	 cannotbecuthorizontally, then �h4%$T�6��� or �h/%$1��� . Thecasewhere�h/%$1�<�
conflictswith theassumptionthat �(�)� &'� .
Now assumingthat ��4�$T�6��� and �6"�$ , we have � - "W| so that ��"W|T�(��� - . Combiningthis with

the first inequality, then $T�6���Q/�|T�C��� - or � /�$7�(��� . We saw earlier in Theorem1 that if $7�(���*&
� &Y$1�2� then 	 canbecut horizontallyto give two subrectangleswith aspectratio � . So it remainsto

show that � &�$1�;� . If � /w$1�;� , then �(�)� 4h���<�=$1�  4������ contradictingthe initial assumption

that 	 hasaspectratio � , thus 	 satisfiestheconditionsof Theorem1 andcanbecut vertically to produce

subrectangleswith aspectratio � .
Thus,any rectangle	 with aspectratio �("`$ canbeslicedvertically or horizontally, (or bothways)if the

conditionsof Theorem4 aremet. I
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3.2 Algorithm for generating aspect ratio data sets

It is now possibleto designanalgorithmthatslicesa stockrectangleinto a setof subrectangleshaving the

sameaspectratio �y"%$ . First,startwith a rectangle	 having aspectratio � whoseheightandwidth satisfy

the conditionsof Theorem3. 	 canbe slicedeithervertically or horizontallyto yield two subrectangles

with thesameaspectratio � : afterselectingadirectionrandomly, choosearandomslicingpositiondictated

by theappropriateCorollary(1 or 2). Theresultingtwo subrectangleswill have aspectratio � .
Next, randomlyselecta subrectangleanddeterminea slicing direction: (horizontal,vertical, or either if

possible).Having chosenthedirectionto slice,selectanappropriaterandompositionandcut thesubrect-

angle.Replacetherectanglein thelist with thesetwo subrectangles.This processis thenre-appliedto the

list of subrectangles:sinceeachsubrectanglehasaspectratio � , its subrectangleswill alsohave aspectratio

� (Theorem4) andtheseslicing stepscanbe repeated.The processterminateswhenthe list containsthe

desirednumberof subrectangles.

Thesecond
�� �� datagenerationprocedurecanbewrittenas

Algorithm II: Controlling the Aspect Ratio
Input theparameters� , �y"%$ , � , andthen � where$7�(���#&0� &*�;�C�7$
while � rectanglesnotyetgenerateddo

choosea rectangle	 at random�
Theorem4 guaranteesthatit canbecut in at leastonedirection�

randomlychooseaverticalor horizontalslicingdirection,if possible;
otherwiseselecttheverticalor horizontaldirectionasappropriate

�
Theorem2 or 3 �

randomlychooseacuttingpositionwithin thelegal rangeof slicingpositions
�
Corollary1 or 2�

performthecuton 	 , generatingtwo subrectangles
replace	 in thelist with thetwo subrectangles

endwhile

4 Generating rectangles satisfying the area ratio constraint

Thedatasetsgeneratedby Algorithm II consistof rectangles
��� ��� � with aspectratio � (i.e. �����g& ��� ��� � &

� ). Theareasof theserectangles,however, oftenvary aswidely asthoseproducedby thebasicalgorithm

alone.To controltherangeof areas,asecondparameter, � is now introduced.

A modificationto Algorithm I canbemadeto generatedatasetswhoserectanglessatisfya user-specified

arearatio �:"a$ . Thatis, theratioof theareasof any two rectanglesin thedatasetmustfall in theinterval

�����������n . To ensurethatthegeneratedrectanglessatisfythisconstraint,thefollowing propertiesarenoted.

Theorem 5 Let �Y"G$ and
� 	 � � be a setof � rectangleswith area ratio � which are ordered by non-
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increasingareas:

j7�[��j��b	.�  "Vj7�[��j��b	�+  "Vj7�[��j^�b	.-  "`z�z�z�"Vj7�[��j��b	��2�v+ 

Any 	�� where j7�[��j��b	��  "U$�j7�[��jL�b	 �  ��� can be sliced vertically into two subrectanglesso that the

resultingsetof �#� � subrectangleswill havearearatio � .

Proof. Assumethat rectangle	 � is selectedfor cutting, and let the vertical slicing of 	 � take placeat

position 3 . Sincecutsat 3 and � � 8(3 yield symmetricsubrectangles,we limit thechoiceof 3 to 35&*� � �7$ .
To ensurethat the two subrectanglesresultingfrom this slicing both have areasof at least j7�[��j^�b	��  ���
when ��"P$ , we restrict 3 further so that 3W" �������?�����[ ¡ �£¢ . It is possibleto restrict 3 this way because

j7�[��jL�b	 � ?> � � � � "%$�j7�[��j^�b	.�  ��� , i.e.

� � �7$k" j7�[��j��b	.� 
� � � z (1)

Theinitial setof � sortedrectangleswereassumedto have arearatio � ; in particular

�����_&Vj7�[��j��b	¥¤  ��j7�[��j��b	�¦  &Q�k§©¨)�ªj)«r«�¬��[#®>*¯

andthisexpressionstill holdsafter 	 � hasbeensliced.

Let ° and ± denotetheresultingsubrectanglesfrom theslicingof 	 � asshown in Figure4. Theremaining

arearatiosthatmustbeexaminedare: (i) j7�[��j^�b	 �  ��j7�[��j^�b°  and j7�[��j��b	 �  �²j7�£��j^�b±  for all ³´®>0¯ and

(ii) j7�£��jL�b°  ��j7�[��j��b± 

case(i)Since j7�[��j^�b°  &�j7�£��j^�b	 �  and j7�[��j^�b	 �  ��j7�[��j^�b	��2�v+  &Q� , then j7�[��j��b°  ��j7�[��j��b	��!�v+  &*�
and j7�[��j��b	 �2�v+  ��j7�[��j^�b°  "������ . But j7�[��j��b	 �  "Aj7�[��j��b	 �!�v+  , so j7�[��j��b	 �  ��j7�[��j^�b°  "������ for

all ³²®>Q¯ .
Furthermore,theverticalcutposition 3 waschosensothat j7�[��j^�b°  "Vj7�[��j��b	��  ��� , implying that

j7�[��j��b°  ��j7�[��j��b	��  "f�����#µ�¨)¶[·�j7¶�j7�£��j^�b	.�  ��j7�[��j��b°  &Q��z

Since j7�£��j^�b	 �  &Vj7�[��j��b	.�  , wehave j7�[��j^�b	 �  ��j7�£��jL�b°  &Q� for all ³²®>Q¯ .
Thus,

�����_&Vj7�[��j^�b	 �  �²j7�[��j��b°  &Q�k§©¨)�¸j)«r«T³�®>Q¯

andsimilarly,

�����¹&Vj7�[��jL�b	 �  ��j7�[��j^�b±  &Q�k§�¨)�ªj)«r«2³²®>Q¯ z
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case(ii) Theverticalcutpositionguaranteesthat j7�[��j��b°  "Pj7�[��j��b	.�  ��� so

j7�[��j^�b°  ��j7�[��j��b±  "Vj7�[��j��b	.�  �<���#j7�[��j^�b± � z

Further, j7�[��j��b±  &�j7�[��j��b	 �  &Vj7�[��j��b	��  yields j7�[��j��b	��  ��j7�[��j��b±  "d� , so j7�[��j��b°  ��j7�[��j��b±  "
����� .

Similarly,

j7�[��j^�b°  &�j7�[��j��b	¥�  &Vj7�[��j��b	 � 

and

j7�[��j��b±  "�j7�£��j^�b	 �  ���
combineto yield j7�£��jL�b°  ��j7�[��j��b±  &*� , andso

�����¹&Vj7�[��j��b°  ��j7�[��j^�b±  &Q�ºz

Thiscompletestheproof thatthesetof �#� � resultingsubrectanglessatisfiesthearearatioconstraint.I

Corollary 3 Let » denotethemaximumarea rectanglein a list of � rectangleswith area ratio � . Select

anyrectangle	 � where j7�[��j��b	 �  "¼$1»5��� andslice it vertically at position 3 where ½¡ �£¢ &S3Q&S� � �7$ .
Theresultingsetof �#� � rectangleshasarearatio � .

It canbeshown thata similar conditionfor horizontalcuttingexists. For brevity, we stateonly thecorre-

spondingcorollary.

Corollary 4 Let » denotethemaximumarea rectanglein a list of � rectangleswith area ratio � . Select

anyrectangle	¥� where j7�£��j^�b	��  "K$1»5��� andsliceit horizontallyat position x where ½¡�� ¢ &'xC&
� ���7$ .

Theresultingsetof �#� � rectangleshasarearatio � .

By incorporatingtheseobservationsinto thebasicalgorithm,an ¾k� � -  datagenerationprocedurethatcre-

atesasetof rectanglessatisfyingthearearatioconstraintcanbewrittenas:

Algorithm III: Controlling the Area Ratio
Input theparameters� , �5"%$ , � , and �
while � rectanglesnotyetgenerateddo

let » betheareaof thelargestrectanglein thecurrentset
choosea rectangle	 from all subrectangleswhoseareasaregreaterthan $1»5���
randomlychooseaverticalor horizontalslicingdirection
randomlychooseacuttingpositionwithin thelegal rangeof slicingpositions

�
Corollary3 or 4�
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performthecuton 	 , generatingtwo subrectangles
replace	 in thelist with thetwo subrectangles

endwhile

5 Combining aspect and area ratio constraints

The algorithmsdevelopedthus far generatedatasetswherethe sizesandareasof the rectanglescanbe

constrainedby eitheraspectratio or arearatio. In many instances,it is desirableto employ datasetswhere

boththeaspectratioandthemaximum-to-minimumarearatioarebounded.

To accomplishthis, thealgorithmsderivedin sections3 and4 canbecombined.However, merging thetwo

methodsrequiresthat theconditionsin Corollaries1, 2, 3 and4 bemet. To prove that theseconditionsdo

notconflict, thefollowing theoremis established.

Theorem 6 Let �n���e"d$ and
� 	 � � bea setof � rectangleswith aspectratio � andarearatio � which are

orderedbynon-increasingareas:

j7�[��j��b	.�  "Vj7�[��j��b	�+  "Vj7�[��j^�b	.-  "`z�z�z�"Vj7�[��j��b	��2�v+ 

Any 	 � where j7�[��j��b	 �  "K$�j7�[��j��b	.�  ��� canbeslicedinto two subrectanglessothat theresultingsetof
�#� � subrectangleswill haveaspectratio � andarearatio � .

Proof. Assumethat rectangle	 � > � � �'� � is selectedfor cutting because	 � meetsthe condition

j7�[��jL�b	 �  "%$�j7�[��j��b	��  ��� . Notethis impliesthatinequality(1) in Section4 holds.

From Theorem4, we know that 	 � canalsobe slicedeithervertically or horizontally. (If Theorem3 is

satisfied,	�� canbeslicedin eitherdirection.)Specifically, if theconditionsof Theorem1 hold,then 	�� can

beslicedvertically; if theconditionsof Theorem2 hold, then 	 � canbeslicedhorizontally.

Supposethattheconditionsof Theorem1 hold:

$ � �
� &'�c�´&%$1� � �)� (2)

andsoCorollary1 definesthepositions3 for slicing vertically sothat theresultingtwo subrectangleswill

have aspectratio � :
ikj1ls� � � ������� � 8 � � �  &'3�&'ikptqm� � � �n��� � 8 � � ���  (3)

Similarly, in order to ensurethat the �O� � subrectanglesresultingfrom the cut will have arearatio � ,
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Corollary3 dictatestheslicingpositionsas

»
� � � &'3�&*� � �7$ (4)

where» > j7�[��j^�b	 �  .
If theverticalslicingposition 3 canbeselectedto satisfybothinequalities3 and4, thentheresultingsetof

rectangleswill have aspectratio � andarearatio � . A proof by contradictionestablishesthat 3 canbeso

chosen.

Supposethereis no 3 thatsatisfiesbothinequalities(3) and(4). Theneither

�bp  � � �7$�4'ikj1lm� � � ���n��� � 8 � � � 

or

�bprp  »
� � � /'iyprqv�

� � ����� � 8 � � ���  z

case(i)If � � �7$�4'ikj1lm� � � ���n��� � 8 � � �  , theneither(a) � � �7$^4 � � ��� or (b) � � �7$k4*� � 8 � � � . Inequality(a)

impliesthat � � 4%$ � � ��� and(b) impliesthat $1� � � 4*� � whichbothcontradictinequality(2).

case(ii)If ½¡ �£¢ /fikprqv�
� �������c��8 � �����  , theneither(a) ½¡ �£¢ /

� ��� or (b) ½¡ �£¢ /`�c��8
� �1��� . Inequality(a)

impliesthat »
� � � � � /

� � �
� �

andsince�5" ½�o¢ � ¢ and �£¢� ¢ "
+\ , this leadsto thecontradictionthat �´/d� .

Since � � 8 � � ���O"}� � �7$ usinginequality(2), inequality(b) simplifiesto ½¡ �£¢ /}� � �7$ which contradicts

inequality(1) in section4. Thus, 3 canbechoseto satisfybothconditionsof Corollaries1 and3.

Using similar techniques,a proof for the casewhere 	 � is to be sliced horizontally can be derived by

applyingTheorem2 andCorollaries2 and4. I

Corollary 5 Let » denotethemaximumarearectanglein a list of � rectangleswith aspectratio � andarea

ratio � . Selectanyrectangle	 � where j7�[��j��b	 �  "%$1»5��� andsliceit verticallyat position 3 where

iyj1lv� � � ������� � 8 � � ��� »� � �
 &*35&%ikprqv� � � ����� � 8 � � ���n��� � �7$  z

Theresultingsetof �#� � rectangleshasaspectratio � andarearatio � .

Corollary 6 Let » denotethemaximumarearectanglein a list of � rectangleswith aspectratio � andarea
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ratio � . Selectanyrectangle	 � where j7�[��j��b	 �  "%$1»5��� andsliceit horizontallyat position x where

ikj1lm�©� � ���n� � � 8:� � �n� »�n� �
 &*x#&%ikprqm�©� � �n� � � 8:� � ���n� � � �7$  z

Theresultingsetof �#� � rectangleshasaspectratio � andarearatio � .

A fourth ¾k� � -  datagenerationprocedurecannow bewrittenas

Algorithm IV: Controlling the Aspect and Area Ratio
Input theparameters� ,

� �����g"%$2� , � , andthen � where $7�C���g&0� &*�2�(�7$
while � rectanglesnotyetgenerateddo

let » betheareaof thelargestrectanglein thecurrentset
choosea rectangle	 from all subrectangleswhoseareasaregreaterthan $1»5���
if possible,randomlychooseaverticalor horizontalslicingdirection;

otherwiseselecttheverticalor horizontaldirectionasappropriate
�
Theorem2 or 3 �

randomlychooseacuttingpositionwithin thelegal rangeof slicingpositions
�
Corollary5 or 6�

performthecuton 	 , generatingtwo subrectangles
replace	 in thelist with thetwo subrectangles

endwhile

6 Sample Data Sets

To illustratethedifferencesin thedatasetsthatcanbegeneratedby theapproachesdescribedin this paper,

we examinesomesampledatasetsthatwereproducedby AlgorithmsI andIV. For eachof thesesets,an

initial rectangleof size ��¿)¿��,$7¿)¿ wasrecursively slicedasdiscussedin sections2 and5. Thecharacteristics

of theresultingdatasetsaresummarizedin thissection.

Thefirst groupof datasetsshown in Table1 weregeneratedby thebasicroutinegivenin Algorithm I. Recall

thatno restrictionsareplacedonaspectratioor arearatio in thiscase–rectanglesarerandomlyselectedfor

cutting,andslicesareequallylikely to bemadein randomdirections.This procedureresultsin generating

therectangleswhoseheightandwidth dimensionsareshown in Figure5 for �5>aÀ ¿ , �5>aÀ ¿ , and ��>aÀ ¿)¿)¿ .
Wereferto thesesetsas“pathological”datasetsbecausethereis a largevariancein theheightsandwidths

of thegeneratedrectangles.As thedatasetsget larger in size,eithertheheightor width of therectangles

alsoseemto getverysmall.

The secondgroup of datasetsshown in Table 1 were generatedusing Algorithm IV wherethe slicing

positionsarecontrolledso that resultingrectangleswill have aspectratio � andthedatasetwill have area

ratio � . Thevalues� > | and � >fÁ wereselectedfor thesedatasets.Thuseachgeneratedrectanglehasa

height/widthratio lying between[0.25,4]. Similarly, theratio of the largestareato smallestrectanglearea

in any datasetdoesnotexceed7.
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Figure6 plots the rectanglesfor the datasetsof size �d>ÂÀ ¿ , �d>ÃÀ ¿ , and �d>ÃÀ ¿)¿)¿ . The setscanbe

thoughtof as“nice” datasetsbecausetherectangles’characteristicsfall within specifiedranges:thereare

no longflat or tall thin rectanglesandtheareasof therectanglesareof thesamemagnitude.

Thecharacteristicsof thesetwo typesof datasetsarefurther illustratedby regardingtheir observedvalues

of � and � . Note that in Table2 theretendsto beat leasttwo magnitudesof differencein the rectangles’

height/widthratioswithin every pathologicaldatasetwhere � /WÄ7¿ . For the nicedatasetsgeneratedby

Algorithm IV, eachrectangle’s aspectratiosis atmost4 andno lessthan0.25for all datasets.

Figure 7plots the sortedheight/widthratios for rectanglesin the pathologicaland nice datasetswhere
�}>hÀ ¿ . The graphsshows how the height/widthratiosaredistributedwithin eachdatasetandreflects

thedifferencein magnitudeshown in Table2. Thedistribution of height/widthratiosfor thepathological

rectanglesrangefrom many smallratiosto several largerratios.Theaspectratiosfor thenicedatasetsfall

only between0.25and4.

Thedifferencesin theareasof therectanglesbelongingto thepathologicalandnicedatasetsarealsoshown

in Table2. For thepathologicaldatasets,the ratio of the largestrectangleareato smallestrectanglearea

appearsto increaseby ordersof magnitudeasthenumberof rectanglesin thesetsgrows larger. For thenice

datasets,this ratio is atmost7, thevaluespecifiedastheinputparameter� .

In additionto finding themaximumandminimumareavaluesfor eachdataset,theaveragerectanglearea

could be calculated,but this valuewill alwaysequalthe total areaof the initial rectangledivided by the

numberof rectanglesgeneratedandso doesnot provide muchany additionalinformationaboutthe data

set. However, the areasof the rectanglesin eachdatasetcaneasilybe plottedto show the rangeof their

distribution.

In Figure8, the distribution of areavaluesincludesmany small and somevery large rectanglesfor the

pathologicaldataset. As expected,the areavariancein the nice dataset is far smallerdue to its being

boundedby a maximumarearatioequalto 7.

7 Summary

Theproceduresoutlinedin this reportpermitthegenerationof setsof � rigid rectanglesthatcanbepacked

or cut from rectangularregionswith zerowaste. The sizesandareasof theserectanglesmay have large

varianceasproducedby Algorithm I or canberestrictedto satisfyuserspecifiedaspectandmaximum-to-

minimumarearatiosusingAlgorithmsII, III or IV. Datasetsof any sizecanbeobtainedin thismanner.

Modificationsto thesealgorithmscanbemadeby tighteningtherangeof choices.For example,therectan-

gle 	¥� thatis chosento beslicedfor maintainingthearearatioconstraintin AlgorithmsIII andIV couldbe
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restrictedto just themaximumarearectangle	.� . Alternatively, the 3 positionof averticalslicethatgener-

atestwo subrectangleswith aspectratio � might alwaysbechosenasthelower boundfor 3 in Corollary1.

Many suchmodificationsarepossibleandresult in the generationof different typesof datasetswhich a

researchermayprefer.

Thedistribution of rectanglesizesandareasasgeneratedby thesealgorithmsfurtherdependon theprob-

ability distributionswhich governtherandomchoicesfor thesubrectanglesto berecursively slicedaswell

asthedirectionandpositionof theslice,to theextentdictatedby theappropriatetheoremsandcorollaries.

Thesetopicsareresearchareascurrentlyunderstudy.
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DataSet Height Width
Name Å max min avg max min avg

path 10 10 100 8.35837 60 66.1978 3.05587 38.5064
path 20 20 74.8535 0.37062 22.9127 181.903 0.0047569 43.3106
path 30 30 63.5651 0.16178 20.3529 126.544 0.0980349 48.8760
path 50 50 73.4758 1.24164e-05 7.3563 136.987 0.4282280 41.4501
path 100 100 78.9366 0.00165 7.68243 145.203 0.0109578 26.8371
path 200 200 37.2576 2.10877e-07 5.56013 198.444 0.0008622 32.9201
path 500 500 76.5074 2.36039e-05 1.41293 171.899 6.76548e-06 4.5372
path 1t 1000 35.4326 2.23302e-07 1.83857 127.698 1.17497e-06 10.1380
path 2t 2000 90.6677 2.39115e-09 3.81625 157.532 2.4667e-10 5.0222
path 5t 5000 54.8126 6.44536e-09 2.11321 139.143 4.55262e-08 2.3374

nice 10 10 69.0438 19.1295 44.6252 70.5507 18.8939 47.0551
nice 20 20 58.9809 11.0813 33.2061 62.7279 16.8828 29.8496
nice 30 30 100 14.6891 27.0852 94.2618 11.5792 24.9402
nice 50 50 60.9188 8.69446 21.4948 37.1099 8.88438 20.4661
nice 100 100 32.4315 5.10983 14.6936 30.8926 4.80933 14.1599
nice 200 200 28.0957 3.67168 10.721 25.7108 3.55487 10.2708
nice 500 500 20.4512 2.33988 6.63364 18.8291 2.58266 6.56829
nice 1t 1000 12.1489 1.60008 4.55755 13.7578 1.6738 4.76367
nice 2t 2000 10.4493 1.24654 3.32311 11.4757 1.22907 3.29283
nice 5t 5000 6.91479 0.780134 2.07974 7.18023 0.784575 2.11803

Table1: Heightandwidth statisticsfor exampledatasets
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DataSet Aspectratio= Height/Width Area

Name Å max min max min Æ = max/min

path 10 10 32.723862 0.177596 6619.78 305.587 21.6625
path 20 20 10240.3 0.034009 8319.75 0.124119 67030.6
path 30 30 340.701 0.00127842 3466.24 3.27442 1058.58
path 50 50 3.37028 2.40351e-06 7847.19 6.41424e-05 1.2234e+08
path 100 100 532.073 6.24847e-05 11461.8 0.000493591 2.32212e+07
path 200 200 15628.6 6.01994e-09 2546.71 1.83324e-06 1.38918e+09
path 500 500 23600.3 4.14669e-05 6141.94 2.6104e-09 2.35288e+12
path 1t 1000 685712 1.36322e-08 2428.64 6.33723e-08 3.83234e+10
path 2t 2000 9.76744e+07 1.1043e-07 3659.14 4.72855e-13 7.73839e+15
path 5t 5000 2.9487e+07 1.09439e-09 1146.07 1.11438e-14 1.02843e+17

nice 10 10 2.447984 0.271145 3555.91 873.88 4.06911
nice 20 20 3.113818 0.276488 2975.18 436.494 6.81608
nice 30 30 3.888324 0.272336 2571.8 372.526 6.90369
nice 50 50 3.433568 0.260070 1132 169.914 6.66221
nice 100 100 3.993231 0.320414 545.908 78.5245 6.95208
nice 200 200 3.970387 0.252198 285.179 42.3561 6.73289
nice 500 500 3.999504 0.250588 150.389 21.5188 6.98872
nice 1t 1000 3.975254 0.250259 67.7191 9.67665 6.9982
nice 2t 2000 3.996923 0.250161 41.0826 5.86941 6.99945
nice 5t 5000 3.999353 0.250004 16.2659 2.32397 6.99918

Table2: Height/Width andarearatiosfor sampledatasets
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Figure5: Heightandwidth of rectanglesin pathologicaldatasets
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Figure6: Heightandwidth of rectanglesin somenicedatasets
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